
DEVOIR 1. HOLOMORPHIC MAPS AND COMPLEX MANIFOLDS

Exercises with ⋆: hand in only these exercises.
Exercises with ⋆⋆: don’t hand in, try to read some references and convince yourself.

Exercise 1. Let f be a meromorphic function on an open and connected subset U in C.
(a) Show that for any compact set K ⊂ U , the set of zeros and poles of f in K are finite.
(b) For x ∈ U , show that there exists an integer kx ∈ Z such that, in a neighborhood Ux of x,

f(z) = (z − x)kxh(z)

with h : Ux → C holomorphic and invertible.
(c) Let D ⊂ U be a disk with center x ∈ U , such that x is the only pole and zero of f in D. Show

that

kx =
1

2πi

ˆ
∂D

df

f
.

(d) Show that if (a1, · · · , ad) ∈ Dd, are the zeros (counted with multiplicities) of a holomorphic
function f : D → C, and m ∈ {0, · · · , d}, then

d∑
i=1

ami =
1

2πi

ˆ
∂D

zm
f ′(z)

f(z)
dz.

Exercise 2. Let f be a holomorphic function on the unit ball Bn ⊂ Cn. Suppose that |f | ≤ M and
Dαf(0) = 0 for all |α| ≤ k. Show that |f(z)| ≤ M∥z∥k for all z ∈ Bn.

Hint: you can consider the function gz(t) = f
(

tz
∥z∥

)
.

Exercise 3. ⋆ Let U be an open connected subset of C2. Consider f : U → C a holomorphic function
and Z(f) := {x ∈ U | f(x) = 0}.

(a) Show that if f doesn’t vanish on U \ {z1 = z2 = 0}, then Z(f) is empty.
(b) Show that U \ Z(f) is either connected and dense or empty.

Hint: if U \Z(f) = U1∪U2 is not connected, apply Riemann’s extension theorem to the function
g ∈ O(U \ Z(f)) such that g = 1 on U1 and g = 0 on U2.

Exercise 4. Let U be an open subset of Cn, which we identify with R2n via the map

C ∋ zj = xj + iyj 7→ (xj , yj) ∈ R2,

where zj = xj + iyj is the standard coordinates on U for 1 ≤ j ≤ n. Consider a smooth map f : U →
Cm = R2m, also interpreted as a map to R2m. The complex Jacobian of f is defined as the matrix

JC(f) =

(
∂fi
∂zj

)
1≤i≤m,1≤j≤n

.

(a) With respect to the standard coordinates wj = uj + ivj on Cm, compute the matrix of

df : TR2n → TR2m.

(b) Find the matrix of the induced map

dfC : TR2n ⊗ C → TR2m ⊗ C

in terms of the frames
{

∂
∂zj

, ∂
∂z̄j

}
and

{
∂

∂wk
, ∂
∂w̄k

}
.

(c) Is there a relation between JC(f) and dfC? What happens when f is holomorphic?
(d) Show that when f is holomorphic and n = m, we have

det df = |det JC(f)|2.
(e) Use this to prove that a complex structure induces a natural orientation on the underlying

differentiable manifold.
(f) Give an example of an even-dimensional manifold that does not admit a complex structure.

Could it admit an almost complex structure?

Exercise 5. Suppose that X is a complex manifold and Γ is a discrete group acting freely and properly
discontinuously by biholomorphisms on X.
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(a) Show that X/Γ admits the structure of a complex manifold such that the map π : X → X/Γ is
holomorphic and locally biholomorphic.

(b) Deduce that the Hopf surface defined as the quotient C2 \ {0}/ ∼, where (w1, w2) ∼ (z1, z2) if
wj = 2szj for some fixed s ∈ Z, is a complex manifold.

(c) Show that the Hopf surface is diffeomorphic to S3 × S1.

Exercise 6. ⋆ The n-dimensional complex projective space Pn is the quotient

(Cn+1 \ {0})/ ∼
where z ∼ w if ∃λ ∈ C∗ such that λz = w.

(a) Show that Pn is a complex manifold of dimension n.
(b) Show that Pn is compact and connected.
(c) Give a diffeomorphism between P1 and S2.
(d) (optional) Convince yourself that for any x ∈ Pn, TxPn ≃ HomC(x,Cn+1/x) as a vector space.

Exercise 7. ⋆ Let f : Cn → C be a holomorphic function and 0 ∈ C is a regular point (i.e. the complex
Jacobian JC(f) is surjective at any point in f−1(0)). Show that f−1(0) is a complex submanifold in Cn.

Exercise 8. ⋆ Let F be a homogeneous polynomial in (n+ 1) variables. Show that the set

Z = {[z0 : · · · : zn] ∈ Pn | F (z0, · · · , zn) = 0}
is well-defined. Considering the map f : Cn+1 \ {0} → C induced by F , show that if 0 is a regular value
of f then Z is a complex submanifold of Pn.

Exercise 9. ⋆ Let X be a compact complex manifold. Show that if a holomorphic function f : X → C
vanishes on an open subset of X, then it must be identically zero.

Exercise 10. Let X be an n-dimensional complex manifold and Y ⊂ X a real submanifold of dimension
2k. Show that Y is a complex submanifold if and only if, locally, it coincides with the vanishing locus of
n− k independent holomorphic functions.

Exercise 11 (Blow-ups, reading exercise: Voisin’s book Section 3.3.3). ⋆⋆ Let X be an n-dimensional
complex manifold and Y ⊂ X, a closed complex submanifold of dimension n− k < n. Let U ⊂ X be an
open set such that U ∩ Y = Z(fU

1 ) ∩ · · · ∩ Z(fU
k ) where fU = (fU

1 , · · · , fU
k ) : U → Ck is holomorphic

(and 0 is a regular value).

(a) Show that if gU = (gU1 , · · · , gUk ) is another system of holomorphic functions defining Y ∩U then
there exists a matrix valued function MU

fg : U → GL(k,C) with holomorphic components and

such that gU = MU
fgf

U pointwise. Moreover, MU
fg is uniquely determined by fU and gU along

Y .
(b) Check that ŨY := {([w1, · · · , wk], z) ∈ Pk−1 × U | wjf

U
i (z) = wif

U
j (z), i, j = 1, · · · , k} is

complex submanifold of Pk−1 × U and that the projection over the second factor τU : ŨY × U
is an isomorphism over U \ Y . What is τ−1

U (y) for y ∈ U ∩ Y ?

(c) Use (a) to show that if V ⊂ X is another subset defining ṼY as above we get a natural biholo-
morphism

ϕUV : τ−1
U (U ∩ V ) → τ−1

V (U ∩ V ).

In particular, using these ϕUV to glue those open complex charts, we get a complex manifold

X̃Y called the blow-up X along Y . Show that the maps τU : ŨY → U glued together give a

surjective map τ : X̃Y → X which is a biholomorphism over X̃Y \ τ−1(Y ).

(d) Show that for X = Cn+1 and Y = {0} there is a surjective map π : X̃Y → Pn.


