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@ introduction

e Strong topology of w-psh functions

e Strong convergence and strong compactness for varying classes

e Openness of coercivity
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vweignhted extremal Kahler metrics

Let X be a compact Kahler manifold, let T C Aut,(X) be a maximal compact torus, and
let Q = (w, mq) be a T-equivariant K&hler form where mq : X — tV is a moment map
for w.
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vweignhted extremal Kahler metrics

Let X be a compact Kéhler manifold, let T C Aut,(X) be a maximal compact torus, and
let Q = (w, mq) be a T-equivariant Kahler form where mq : X — tV is a moment map

for w.
* Aut,(X) is the identity component of the subgroup of automorphisms acting trivially
on the Albanese torus Alb(X) = HO(X, Q)Y /H:i(X, Z).

@ lts Lie algebra consists of all holomorphic vector fields & € HO(X, TX) such that
a(€) = 0 for any holomorphic 1-form a € HO(X, Q}).
o if X is projective, then Aut;(X) ~ Autg(X, L)/C* for L — X ample line bundle;

@ In general, Aut,(X) is still a linear algebraic group and Autg(X)/Aut,(X) is a
compact complex torus .
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vweignhted extremal Kahler metrics

Let X be a compact Kéhler manifold, let T C Aut,(X) be a maximal compact torus, and
let Q = (w, mq) be a T-equivariant Kahler form where mq : X — tV is a moment map
for w.

Definition (Lahdili "19, Inoue '22)

Let v, w € C>(t") be two weights such that v, w > 0 on P := mq(X). Then Qis a
(v, w)-extremal metric if it is a (v, w [**')-cscK metric, i.e.

Sv(Q) = w(mg)F*(mq)

where Sy (Q) is the v-weighted scalar curvature while [**' is the unique affine function
on t¥ (v-weighted extremal function) determined by the vanishing of the weighted
Futaki invariant. [~ Simon’s lectures]
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vweignhted extremal Kahler metrics

Let X be a compact Kahler manifold, let T C Aut,(X) be a maximal compact torus, and
let Q = (w, mq) be a T-equivariant Kahler form where mq : X — tV is a moment map
for w.

Definition (Lahdili ‘19, Inoue '22)

Let v, w € C>(t") be two weights such that v, w > 0 on P := mq(X). Then Qis a
(v, w)-extremal metric if it is a (v, w [**')-cscK metric, i.e.

Sv(Q) = w(mg)**(mq)

where S, (Q) is the v-weighted scalar curvature while [ is the unique affine function
on t¥ (v-weighted extremal function) determined by the vanishing of the weighted
Futaki invariant. [~ Simon’s lectures]

@ (v,w) = (1,1) ~ classical cscK and extremal metrics.

@ w(a) = n+ ((log v)' (), a) ~ v-solitons, i.e. RicT (Q) = Q.
Case v(a) = €2} ~ gradient Kahler-Ricci solitons Ric(w) = w — Lew.
@ many others...
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variational approac

Let He, :={p € C®(X) : wy :=w + dd° > 0} be the set of Kahler potentials, and
denote by H/[ those that are T-invariant.
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variational approac

Let Ho := {p € C°(X) : w, :=w + dd°p > 0} be the set of K&hler potentials, and
denote by H[ those that are T-invariant. The associated T-equivariant Kéhler forms
are given by Qp = (we, Mg, ) Where mq,, := mq + d°p. mg_ (X) = mq(X) = P
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variational approac

Let Hy, := {p € C°(X) : wy := w + dd° > 0} be the set of Kahler potentials, and
denote by H[ those that are T-invariant. The associated T-equivariant Kahler forms
are given by Q, = (w,, Mg, ) where mg,, := mq + d°p. Fact: mg,, (X) = P.

Theorem (Lahdili "19)
Let v, w € C°°(t") be two weights such that v, w > 0 on P = mgq(X). The operator

HD 5o — <W(mn¢)/eXl(mQ¢) - Sv(Qw)) v(ma, )wi

admits an Euler-Lagrange functional: the weighted relative Mabuchi functional M§EV7W.

M[ﬁ"vyw : HI — R is an Euler-Lagrange functional for the operator
HT S o — pp = (w(mgw)/ext(m%) - sv(9¢)) v(mg,, )w, means that

d
— (M tf :/f
dt( w,v,w(ﬂo"" ))“:0 " Mo

forany f € C°(X)T.
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variational approac

Let Ho := {p € C(X) : w, :=w + dd°p > 0} be the set of K&hler potentials, and
denote by H[ those that are T-invariant. The associated T-equivariant Kéhler forms
are given by Q, = (wy, qu}) where mq_, = mq + d®p. Fact: m%(X) = P.

Theorem (Lahdili *19)
Let v, w € C*°(tV) be two weights such that v, w > 0 on P = mgq(X). The operator

HI Do — (w(m%)/e“(m%) - SV(Q¢)> v(mg,, )
admits an Euler-Lagrange functional: the weighted relative Mabuchi functional M;gl,,,ﬂw.

~ € H] is a critical point of ij“v,w iff Q. is a (v, w)-extremal K&hler metric.

: the same result holds if T C Aut,(X) is not maximal.
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variational approac

Let Hy, :={p € C®(X) : wy := w + dd° > 0} be the set of Kahler potentials, and
denote by H[ those that are T-invariant. The associated T-equivariant Kahler forms
are given by Q, = (wy, mgw) where mq_, := mq + d®p. Fact: mQ¢(X) =P.

Theorem (Lahdili "19)
Let v, w € C°°(t") be two weights such that v, w > 0 on P = mgq(X). The operator

HE 2 ¢ — (w(ma, )P (ma,) — Su(R)) v(ma, )w

admits an Euler-Lagrange functional: the weighted relative Mabuchi functional M{ﬁl,v,w-
~ o € HT is a critical point of Mgﬁ{v,w iff Q. is a (v, w)-extremal K&hler metric.

Theorem (Chen-Cheng '21, Apostolov-Jubert-Lahdili '23, He *19, Di

Nezza-Jubert-Lahdili ‘24, Han-Liu °24)

Under the aforementioned setting,
@ the existence of a (v, w)-extremal Kahler metric in {w} implies that M{j{v’w is
coercive on HT, i.e. there exist § > 0, C > 0 such that M,y > 6d, 7 — G
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variational approac

Let Hy, :={p € C®(X) : wy := w + dd° > 0} be the set of Kahler potentials, and
denote by H[ those that are T-invariant. The associated T-equivariant Kahler forms
are given by Q, = (wy, mgw) where mq_, := mq + d®p. Fact: mQ¢(X) =P.

Theorem (Lahdili "19)
Let v, w € C°°(t") be two weights such that v, w > 0 on P = mgq(X). The operator

HE 2 ¢ — (w(ma, )P (ma,) — Su(R)) v(ma, )w

admits an Euler-Lagrange functional: the weighted relative Mabuchi functional M{ﬁl,v,w-
~ o € HT is a critical point of Mgﬁ{v,w iff Q. is a (v, w)-extremal K&hler metric.

Theorem (Chen-Cheng '21, Apostolov-Jubert-Lahdili '23, He *19, Di

Nezza-Jubert-Lahdili ‘24, Han-Liu °24)
Under the aforementioned setting,
@ the existence of a (v, w)-extremal Kahler metric in {w} implies that M{j{v’w is
coercive on H[, i.e. there exist 6 > 0, C > 0 such that Mﬂf{v,w >dd,, 7 —GC;
@ if v is further log-concave on P, the converse holds as well.
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viain Result

Let (X, wx) be a compact Kahler space with log terminal singularities, and suppose
given:

@ acompact torus T C Aut,(X) preserving wy;

@ two smooth positive weights v, w on the moment polytope P;

@ a T-equivariant resolution of singularities = : Y — X, assumed to be of Fano type;

@ a sequence of T-invariant K&hler forms w; on Y converging smoothly to 7*wx and
such that w; > (1 — gj)m*wx with ¢; — 0.

.
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viain Result

Let (X, wx) be a compact Kahler space with log terminal singularities, and suppose
given:
@ acompact torus T C Aut,(X) preserving wy;
@ two smooth positive weights v, w on the moment polytope P;
@ a T-equivariant resolution of singularities = : Y — X, assumed to be of Fano type;
@ a sequence of T-invariant K&hler forms w; on Y converging smoothly to 7*wx and
such that w; > (1 — gj)m*wx with ¢; — 0.

If the relative weighted Mabuchi energy M, , ,, is coercive on &7 then so is M[ﬁ}yv,w

on H[)]_ for all j large enough, with uniform coercivity constants.

.
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viain Result

Let (X, wx) be a compact Kahler space with log terminal singularities, and suppose
given:
@ acompact torus T C Aut,(X) preserving wy;
@ two smooth positive weights v, w on the moment polytope P;
@ a T-equivariant resolution of singularities = : Y — X, assumed to be of Fano type;
@ a sequence of T-invariant K&hler forms w; on Y converging smoothly to 7*wx and
such that w; > (1 — gj)m*wx with ¢; — 0.

If the relative weighted Mabuchi energy M, , ,, is coercive on &7 then so is M[ﬁ})v,w

on H[)]_ for all j large enough, with uniform coercivity constants.

.

o £V.7 is the space of T-invariant finite energy potentials, and it is given by the
T-invariant elements in the metric completion of H,, with respect to a metric d;.

Note that C.od,,, 7(0) < 0 (,0) < Cudy 7() + Au forany p € €.
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viain Result

Let (X, wx) be a compact Kahler space with log terminal singularities, and suppose
given:
@ acompact torus T C Aut,(X) preserving wy;
@ two smooth positive weights v, w on the moment polytope P;
@ a T-equivariant resolution of singularities = : Y — X, assumed to be of Fano type;
@ a sequence of T-invariant K&hler forms w; on Y converging smoothly to 7*wx and
such that w; > (1 — gj)m*wx with ¢; — 0.

If the relative weighted Mabuchi energy M, , ,, is coercive on &7 then so is M[ﬁ})v,w

on H[)]_ for all j large enough, with uniform coercivity constants.

.

o £V.7 is the space of T-invariant finite energy potentials, and it is given by the
T-invariant elements in the metric completion of H,, with respect to a metric d;.

Note that C.od,,, 7(0) < 0 (,0) < Cudy 7() + Au forany p € €.

Assume that X is smooth, T is a maximal torus and v is log-concave. If {wx} contains
a (v, w)-weighted extremal K&hler metric, then so does {w;} for all j large enough.
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ano type assumption

Definition

We say that = : Y — X is of Fano type if there exists a singular metric » on —Ky such
that

@ the curvature current dd®¢ is w-semipositive;
@ ¢ has trivial multiplier ideal sheaf.
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ano type assumption

Definition

We say that = : Y — X is of Fano type if there exists a singular metric » on —Ky such
that

@ the curvature current dd®¢ is w-semipositive;
@ ¢ has trivial multiplier ideal sheaf.

@ <= There exists a g-psh function f (i.e. locally sum of a psh function and a
smooth function) such that the measure oy := e*Z'wg’, has finite total mass and
Ric(wy) + dd°f is w-semipositive;

@ If there exists an effective QQ-divisor B on Y such that

o —(Ky + B) is m-ample;
o the pair (Y, B) is kit,

then = : Y — X is of Fano type. If X, Y are projective then the reverse holds.
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ano type assumption

Definition

We say that = : Y — X is of Fano type if there exists a singular metric » on —Ky such
that

@ the curvature current dd®¢ is w-semipositive;
@ ¢ has trivial multiplier ideal sheaf.

@ <= There exists a g-psh function f (i.e. locally sum of a psh function and a
smooth function) such that the measure oy := e*Z'wg’, has finite total mass and
Ric(wy) + dd°f is w-semipositive;

@ If there exists an effective QQ-divisor B on Y such that

o —(Ky + B) is m-ample;
o the pair (Y, B) is kit,

then = : Y — X is of Fano type. If X, Y are projective then the reverse holds.
if X is smooth then the blowup along any submanifold is of Fano type.
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ano type assumption

Definition

We say that = : Y — X is of Fano type if there exists a singular metric » on —Ky such
that

@ the curvature current dd®¢ is w-semipositive;
@ ¢ has trivial multiplier ideal sheaf.

@ <= There exists a g-psh function f (i.e. locally sum of a psh function and a
smooth function) such that the measure oy := e*Z'wg’, has finite total mass and
Ric(wy) + dd°f is w-semipositive;

@ If there exists an effective QQ-divisor B on Y such that

o —(Ky + B) is m-ample;
o the pair (Y, B) is kt,
then = : Y — X is of Fano type. If X, Y are projective then the reverse holds.
if X is smooth then the blowup along any submanifold is of Fano type.
When does a resolution of Fano type exist?
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ano type assumption

Definition

We say that = : Y — X is of Fano type if there exists a singular metric » on —Ky such
that

@ the curvature current dd®¢ is w-semipositive;
@ ¢ has trivial multiplier ideal sheaf.

@ <= There exists a g-psh function f (i.e. locally sum of a psh function and a
smooth function) such that the measure oy := e*Z'wg’, has finite total mass and
Ric(wy) + dd°f is w-semipositive;

@ If there exists an effective QQ-divisor B on Y such that

o —(Ky + B) is m-ample;
o the pair (Y, B) is kit,

then = : Y — X is of Fano type. If X, Y are projective then the reverse holds.
if X is smooth then the blowup along any submanifold is of Fano type.
When does a resolution of Fano type exist? Examples:
@ dimX = 2;
@ dim X = 3, X with Gorenstein quotient singularities;

@ X with isolated singularities locally isomorphic to an affine cone over a Fano
manifold.

@ any crepant resolution.
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ome literature

The main Corollary is related to (X smooth)

° : blowups of points, X with no nonzero holomorphic vector
fields.

° : blowups of a large and suitable collection of points, for cscK
metrics.

° : blowup of points, conditions involving the

automorphism group, for extremal metrics.
: reduced the conditions in APS11 to a stability condition.
: generalized Szé12 to the weighted case.
: relate the existence of extremal metric on

the blow-up at a point to K-stability.

° : blowup of T-invariant submanifolds of codimension
larger than 2, extremal metrics.

Moreover, for X singular,

° : independently obtain the existence of cscK metrics on the
resolution of a KE kit space with no nontrivial holomorphic vector fields.

° : coercivity of M‘elx v,w On enT implies existence of singular
(v, w)-weighted extremal Kahier metrics when T is maximal, v is log-concave and
the variety admits a T-equivariant resolution of singularities of Fano type.
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Advantages and disadvantages

The Main Advantage with respect to previous works on the topic is the use of a
variational approach, with pluripotential-theoretical techniques, avoiding any type of

gluing.
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Advantages and disadvantages

The Main Advantage with respect to previous works on the topic is the use of a
variational approach, with pluripotential-theoretical techniques, avoiding any type of
gluing. ~ The strategy extends to

@ general modifications of Fano type (and not only blowups);
@ X with log terminal singularities.
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Advantages and disadvantages

The Main Advantage with respect to previous works on the topic is the use of a
variational approach, with pluripotential-theoretical techniques, avoiding any type of
gluing. ~ The strategy extends to

@ general modifications of Fano type (and not only blowups);
@ X with log terminal singularities.

One could wonder what happens when the morphisms is not T-equivariant wrt a
maximal compact torus T C Aut,(X). For instance when = is T-equivariant wrt to a
maximal torus in Aut,(Y’) which is not maximal in Aut,(X).
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Advantages and disadvantages

The Main Advantage with respect to previous works on the topic is the use of a
variational approach, with pluripotential-theoretical techniques, avoiding any type of
gluing. ~ The strategy extends to

@ general modifications of Fano type (and not only blowups);

@ X with log terminal singularities.

One could wonder what happens when the morphisms is not T-equivariant wrt a
maximal compact torus T C Aut,(X). For instance when = is T-equivariant wrt to a
maximal torus in Aut,(Y’) which is not maximal in Aut,(X).

By M{S‘X,V’W should then be assumed to be coercive modulo
(the identity component) of the centralizer Aut] (X) of T in Autr(X), and the conclusion
should be (under appropriate assumptions) that MS}MW is coercive modulo

Aut] (Y) = Te.
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Advantages and disadvantages

The Main Advantage with respect to previous works on the topic is the use of a
variational approach, with pluripotential-theoretical techniques, avoiding any type of
gluing. ~ The strategy extends to

@ general modifications of Fano type (and not only blowups);

@ X with log terminal singularities.

One could wonder what happens when the morphisms is not T-equivariant wrt a
maximal compact torus T C Aut,(X). For instance when = is T-equivariant wrt to a
maximal torus in Aut,(Y’) which is not maximal in Aut,(X).

By M[S‘X,V’W should then be assumed to be coercive modulo
(the identity component) of the centralizer Aut] (X) of T in Autr(X), and the conclusion
should be (under appropriate assumptions) that M{i},v,w is coercive modulo

Aut] (Y) = Te.

The main disadvantage of the approach presented is that it does not cover this case.
However, the problem is obstructed in such case
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Strong topology
of w-psh functions




e set PSH(X, w

Definition

Letw > 0 such that V,, := [, w" > 0.
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e set PSH(X, w

Definition

Letw > 0 such that V,, := [, w" > 0. The elements of the set

PSH(X,w) := {uq—psh : wy := w + dd°u >0} C L"(X)

are called w-psh functions.
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e set PSH(X, w

Definition

Letw > 0 such that V,, := [, w" > 0. The elements of the set

PSH(X,w) := {uq—psh : wy := w + dd°u >0} C L"(X)

are called w-psh functions.

@ When {w} = c¢¢(L) is integral they play the role of singular metrics on L — X.
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e set PSH(X, w

Definition

Letw > 0 such that V,, := [, w" > 0. The elements of the set

PSH(X,w) := {uq—psh : wy := w + dd°u >0} C L"(X)

are called w-psh functions.

@ When {w} = c¢¢(L) is integral they play the role of singular metrics on L — X.
@ They are naturally endowed with the weak (i.e. L') topology.
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e set PSH(X, w

Definition

Letw > 0 such that V,, := [, w" > 0. The elements of the set

PSH(X,w) := {uq—psh : wy := w + dd°u >0} C L"(X)

are called w-psh functions.

@ When {w} = c¢¢(L) is integral they play the role of singular metrics on L — X.
@ They are naturally endowed with the weak (i.e. L') topology.

o If {u;}; € PSH(X,w)N converges to u € PSH(X, w), then
@ supy Uj — supy U,
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e set PSH(X, w

Definition

Letw > 0 such that V,, := [, w" > 0. The elements of the set

PSH(X,w) := {uq—psh : wy := w + dd°u >0} C L"(X)

are called w-psh functions.

@ When {w} = c¢¢(L) is integral they play the role of singular metrics on L — X.
@ They are naturally endowed with the weak (i.e. L') topology.
o If {u;}; € PSH(X,w)N converges to u € PSH(X, w), then
@ supy Uj — supy U;
@ PSH(X,w) 3> v; := (supkzj uk) * \\ U, where the star indicates the upper
semicontinuous regularization.
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e set PSH(X, w

Definition

Letw > 0 such that V,, := [, w" > 0. The elements of the set

PSH(X,w) := {uq—psh : wy := w + dd°u >0} C L"(X)

are called w-psh functions.

@ When {w} = c¢¢(L) is integral they play the role of singular metrics on L — X.
@ They are naturally endowed with the weak (i.e. L) topology.
o If {u;}; € PSH(X,w)N converges to u € PSH(X, w), then
@ supy Uj — supy U;
@ PSH(X,w) 3> v; := (supkzj uk) * \\ U, where the star indicates the upper
semicontinuous regularization.
@ When w > 0 then PSH(X,w) D He.
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€ lvVlonge-Ampere operator & the Monge-Ampere energy

The Monge-Ampére operator C*°(X) 3 ¢ — MAy () := wg admits a
Euler-Lagrange functional E,, : C°>°(X) — IR, normalized by E,,(0) = 0, called
Monge-Ampeére energy wrt w.
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€ lvVlonge-Ampere operator & the Monge-Ampere energy

The Monge-Ampére operator C*°(X) 3 ¢ — MAy () := wg admits a
Euler-Lagrange functional E,, : C°>°(X) — IR, normalized by E,,(0) = 0, called
Monge-Ampere energy wrtw. In formula,

Bule) ~Bul) = = 3 [ (o= w)e, nuf.
j=0
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€ lvVlonge-Ampere operator & the Monge-Ampere energy

The Monge-Ampére operator C*°(X) 3 ¢ — MAy () := wg admits a
Euler-Lagrange functional E,, : C°>°(X) — IR, normalized by E,,(0) = 0, called
Monge-Ampere energy wrtw. In formula,

Bule) ~Bul) = = 3 [ (o= w)e, nuf.
j=0

° (PSH(X,w) N L®(X))" 3 (@1, .- -, 9n) — Wy A~ Ao,
which is continuous along monotone sequences and the total mass is fixed
(= V).
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€ lvVlonge-Ampere operator & the Monge-Ampere energy

The Monge-Ampére operator C*°(X) 3 ¢ — MAy () := wg admits a
Euler-Lagrange functional E,, : C°>°(X) — IR, normalized by E,,(0) = 0, called
Monge-Ampere energy wrtw. In formula,

Bule) ~Bul) = = 3 [ (o= w)e, nuf.
j=0

° (PSH(X,w) N L®(X))" 3 (@1, .- -, 9n) — Wy A~ Ao,
which is continuous along monotone sequences and the total mass is fixed
(= V). And the Monge-Ampere energy extends to PSH(X,w) N L (X).
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€ lvVlonge-Ampere operator & the Monge-Ampere energy

The Monge-Ampére operator C*°(X) 3 ¢ — MAy () := wg admits a
Euler-Lagrange functional E,, : C°>°(X) — IR, normalized by E,,(0) = 0, called
Monge-Ampere energy wrtw. In formula,

Bule) ~Bul) = = 3 [ (o= w)e, nuf.
j=0

° (PSH(X,w) N L®(X))" 3 (@1, .- -, 9n) — Wy A~ Ao,
which is continuous along monotone sequences and the total mass is fixed
(= V). And the Monge-Ampere energy extends to PSH(X,w) N L (X).

@ AsE, : PSH(X,w) N L>°(X) — R is monotone increasing ("E, > 0") and
continuous along monotone sequences, it extends to PSH(X, w) by

Ew(u) :=inf{Eu(p) : ¢ > U, € PSH(X,w) N L>®(X)} € RU{—oc0c}.
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€ lvVlonge-Ampere operator & the Monge-Ampere energy

The Monge-Ampére operator C*°(X) 3 ¢ — MAy () := wg admits a
Euler-Lagrange functional E,, : C°>°(X) — IR, normalized by E,,(0) = 0, called
Monge-Ampere energy wrtw. In formula,

1 & . ;
— ), AW
n+1 ;/x(w ¥) v MY

Eu(p) —Ew(¥) =

° (PSH(X,w) N L®(X))" 3 (@1, .- -, 9n) — Wy A~ Ao,
which is continuous along monotone sequences and the total mass is fixed
(= V). And the Monge-Ampere energy extends to PSH(X,w) N L (X).

@ AsE, : PSH(X,w) N L>°(X) — R is monotone increasing ("E, > 0") and
continuous along monotone sequences, it extends to PSH(X, w) by

Ew(u) :=inf{Eu(p) : ¢ > U, € PSH(X,w) N L>®(X)} € RU{—oc0c}.

@ Some properties of E,,:
o E,(p+c)=Eu(p)+cV, forany c € R and any ¢ € PSH(X, w);

Antonio Trusiani Extremal metrics on resolutions



€ lvVlonge-Ampere operator & the Monge-Ampere energy

The Monge-Ampére operator C*°(X) 3 ¢ — MAy () := wg admits a
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1 & . ;
— ), AW
n+1 ;/x(w ¥) v MY
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which is continuous along monotone sequences and the total mass is fixed
(= V). And the Monge-Ampere energy extends to PSH(X,w) N L (X).

@ AsE, : PSH(X,w) N L>°(X) — R is monotone increasing ("E, > 0") and
continuous along monotone sequences, it extends to PSH(X, w) by

Ew(u) :=inf{Eu(p) : ¢ > U, € PSH(X,w) N L>®(X)} € RU{—oc0c}.

@ Some properties of E,:

o E,(p+c)=Eu(p)+cV, forany c € R and any ¢ € PSH(X, w);
@ ltis continuous along monotone sequences. In particular
Eo () = limg_ 4 oo B, (max(u, —k));
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€ lvVlonge-Ampere operator & the Monge-Ampere energy

The Monge-Ampére operator C*°(X) 3 ¢ — MAy () := wg admits a
Euler-Lagrange functional E,, : C°>°(X) — IR, normalized by E,,(0) = 0, called
Monge-Ampere energy wrtw. In formula,

1 & . ;
— ), AW
n+1 ;/x(w ¥) v MY

Eu(p) —Ew(¥) =

° (PSH(X,w) N L®(X))" 3 (@1, .- -, 9n) — Wy A~ Ao,
which is continuous along monotone sequences and the total mass is fixed
(= V). And the Monge-Ampere energy extends to PSH(X,w) N L (X).

@ AsE, : PSH(X,w) N L>°(X) — R is monotone increasing ("E, > 0") and
continuous along monotone sequences, it extends to PSH(X, w) by

Ew(u) :=inf{Eu(p) : ¢ > U, € PSH(X,w) N L>®(X)} € RU{—oc0c}.

@ Some properties of E,,:
o E,(p+c)=Eu(p)+cV, forany c € R and any ¢ € PSH(X, w);
@ ltis continuous along monotone sequences. In particular
Eo () = limg_ 4 oo B, (max(u, —k));
o ltis upper semicontinuous: limsup;_, , . Ee,(4j) < Eo(u) if u4j — u.
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€ lvVlonge-Ampere operator & the Monge-Ampere energy

The Monge-Ampére operator C*°(X) 3 ¢ — MAy () := wg admits a
Euler-Lagrange functional E,, : C°>°(X) — IR, normalized by E,,(0) = 0, called
Monge-Ampere energy wrtw. In formula,

1 & . ;
— ), AW
n+1 ;/x(w ¥) v MY

Eu(p) —Ew(¥) =

° (PSH(X,w) N L®(X))" 3 (@1, .- -, 9n) — Wy A~ Ao,
which is continuous along monotone sequences and the total mass is fixed
(= V). And the Monge-Ampere energy extends to PSH(X,w) N L (X).

@ AsE, : PSH(X,w) N L>°(X) — R is monotone increasing ("E, > 0") and
continuous along monotone sequences, it extends to PSH(X, w) by

Ew(u) :=inf{Eu(p) : ¢ > U, € PSH(X,w) N L>®(X)} € RU{—oc0c}.

@ Some properties of E,:

o E,(p+c)=Eu(p)+cV, forany c € R and any ¢ € PSH(X, w);
@ ltis continuous along monotone sequences. In particular

Eo () = limg_ 4 oo B, (max(u, —k));
o ltis upper semicontinuous: limsup;_, , . Ee,(4j) < Eo(u) if u4j — u.

Proof Let v; := (supkzj uk)*. Then Eu (1) < Ew (V) \\ Ew(U).
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Definition

The space of w-psh functions of finite energy is defined as

&l .= {u e PSH(X,w) |E,(u) > —co},
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Definition

The space of w-psh functions of finite energy is defined as
&l = {u € PSH(X,w) | E,(u) > —oco},

endowed with a strong topology given as the coarsest refinement of the weak topology
in which E,, : £}, — R becomes continuous.
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Definition

The space of w-psh functions of finite energy is defined as
&l = {u e PSH(X,w) | Ew,(u) > —oco},

endowed with a strong topology given as the coarsest refinement of the weak topology
in which E,, : £/, — R becomes continuous.

@ Assume n=1,then u € &} iff [, uwy > —oc. This is equivalent to
[y duAdu < +oo,ie. £}, = PSH(X,w) N W12(X).
In higher dimension, you get E,(u) < supy U — [, du A d°u A w1, Hence
functions in £ have gradient in L2(X);

@ Let € PSH(X,w),¢p < —1. Then —(—¢)® € £l if e < -15.

@ lfuecé&l,vePSH(X,w),v > uthen v € £ . In particular max(u, —k) € &}, for
any u € PSH(X,w), and u € &} if and only if E,, (max(u, —k)) > —C uniformly.
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€ space X, w

The space of w-psh functions of finite energy is defined as

&l := {u € PSH(X,w) | Ew(u) > —oo},

endowed with a strong topology given as the coarsest refinement of the weak topology
in which E,, : £] — R becomes continuous.

Theorem (Berman-Boucksom-Guedj-Zeriahi ’13)

@ The mixed Monge-Ampére operator admits a unique strongly continuous
extension to 1. In particular the Monge-Ampére operator is strongly continuous.

@ Forall up, uy,...,un € &), Up € L' (wy, Awy,)and

(UO,U1,~~~,Un)—’/UOWu1 A= N wyp,
X

is strongly continuous.
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parvas vletric

Definition (Darvas '15)

The Darvas metric on £}, is defined as
di(u,v) := Ew(U) + Ew(v) — 2Es (Pu(u,v))

where P, (u, v) := (sup {w € PSH(X,w) : w < min(u,v)})* € &1.
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parvas vletric

Definition (Darvas '15)

The Darvas metric on £}, is defined as
di(u,v) := Ew(U) + Ew(v) — 2Es (Pu(u,v))

where P, (u, v) := (sup {w € PSH(X,w) : w < min(u,v)})* € &1.

@ One immediately have |E,, (u) — Eu (V)| < dy(u, v), and it is possible to prove that
di(u,v) = Ii(u,v) = / |u—v|(MAy(U) + MA,(V)).
X

Hence the induced metric topology coincides with the strong topology!
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parvas vletric

Definition (Darvas '15)

The Darvas metric on £}, is defined as
di(u,v) := Ew(U) + Ew(v) — 2Es (Pu(u,v))

where P, (u, v) := (sup {w € PSH(X,w) : w < min(u,v)})* € &1.

@ One immediately have |E,, (u) — Eu (V)| < dy(u, v), and it is possible to prove that
di(u,v) = Ii(u,v) = / |u—v|(MAy(U) + MA,(V)).
X
Hence the induced metric topology coincides with the strong topology!
° (5;, d1) is a geodesic metric space. Indeed any two points in £}, can be joined by

a unique psh geodesic (ut)ic[o,1, Which is a constant speed geodesic for dj, i.e.
a1 (U, us) = [t — s|di (Uo, t).
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parvas vletric

Definition (Darvas '15)

The Darvas metric on £}, is defined as
di(u,v) := Ew(U) + Ew(v) — 2Es (Pu(u,v))

where P, (u, v) := (sup {w € PSH(X,w) : w < min(u,v)})* € &1.

@ One immediately have |E,, (u) — Eu (V)| < dy(u, v), and it is possible to prove that
di(u,v) = Ii(u,v) = / |u—v|(MAy(U) + MA,(V)).
X

Hence the induced metric topology coincides with the strong topology!

° (5;, d1) is a geodesic metric space. Indeed any two points in £}, can be joined by
a unique psh geodesic (ut)ic[o,1, Which is a constant speed geodesic for dj, i.e.
d1 (U{, Us) = ‘t — S|d1 (Uo, U1).

@ The convergence u; — uin £l is equivalent to the existence of a sequence
Wy € EJJ, Wi < uj, such that wy 7 u [This is called "quasi-monotone
convergence"].
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Action by automorphisms

As the neutral component Autg(X) acts trivially on cohomology, for each g € Autg(X)
there exists a unique rg € C>°(X) such that

g*w =w+ dd°rg, Eu(rg) =0.
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Action by automorphisms

As the neutral component Autg(X) acts trivially on cohomology, for each g € Autg(X)
there exists a unique rg € C>°(X) such that

g*w =w+ dd°rg, Eu(rg) =0.
For each u € PSH(X,w), we set u9 := 79 + g*u. ~ w + dd°u9 = g* (wy).
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Action by automorphisms

As the neutral component Autg(X) acts trivially on cohomology, for each g € Autg(X)
there exists a unique rg € C>°(X) such that

g*w =w+ dd°rg, Eu(rg) =0.
For each u € PSH(X,w), we set u9 := 79 + g*u. ~ w + dd°u9 = g* (wy).

Proposition

The right-action of Auty(X) on PSH(X, w) restricts to an isometry on &/, which
preserves the Monge-Ampeére energy. When w > 0, this action is further proper, i.e.
{g € Auty(X) : dy(u9,u) < C} is compact for any u € €' and C > 0.
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Action by automorphisms

As the neutral component Autg(X) acts trivially on cohomology, for each g € Autg(X)
there exists a unique rg € C>°(X) such that

g*w =w+ dd°rg, Eu(rg) =0.
For each u € PSH(X,w), we set u9 := 79 + g*u. ~ w + dd°u9 = g* (wy).

Proposition

The right-action of Auty(X) on PSH(X, w) restricts to an isometry on &/, which
preserves the Monge-Ampeére energy. When w > 0, this action is further proper, i.e.
{g € Auty(X) : dy(u9,u) < C} is compact for any u € €' and C > 0.

Proof. Let u € £, N L°°(X). Then
(n+ 1By (1) = (n+1) (Eu (1) — Eu(rg)) = > /X g ug*(w) Agrw" = (n+ 1)E, ().
j=0

This extends to u € £, by approximation. Thus u9 € £} and the action £ x Auto(X) — & is
strongly continuous.
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Action by automorphisms

As the neutral component Autg(X) acts trivially on cohomology, for each g € Autg(X)
there exists a unique rg € C>°(X) such that

g*w =w+ dd°rg, Eu(rg) =0.
For each u € PSH(X,w), we set u9 := 79 + g*u. ~ w + dd°u9 = g* (wy).

Proposition

The right-action of Auty(X) on PSH(X, w) restricts to an isometry on &/, which
preserves the Monge-Ampeére energy. When w > 0, this action is further proper, i.e.
{g € Auty(X) : dy(u9,u) < C} is compact for any u € €' and C > 0.

Proof. Let u € £, N L°°(X). Then
n
(n+1)Ew (%) = (n+1) (Ew(u?) — Eu(rg)) = Z/ g ug (ws) AgTw" = (n+1)Eu(u).
j=0 7 X
This extends to u € £, by approximation. Thus u9 € £} and the action £ x Auto(X) — & is

strongly continuous. As u — u9 = 74 + g*u is monotone increasing, P, (u?, v9) = P, (u, v)9.
Hence the action is an isometry on &/ .
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Action by automorphisms

As the neutral component Autg(X) acts trivially on cohomology, for each g € Autg(X)
there exists a unique rg € C>°(X) such that

g*w =w+ dd°rg, Eu(rg) =0.
For each u € PSH(X,w), we set u9 := 79 + g*u. ~ w + dd°u9 = g* (wy).

Proposition

The right-action of Auty(X) on PSH(X, w) restricts to an isometry on &/, which
preserves the Monge-Ampeére energy. When w > 0, this action is further proper, i.e.
{g € Auty(X) : dy(u9,u) < C} is compact for any u € €' and C > 0.

Proof. Let u € £, N L°°(X). Then
(n+ 1By (1) = (n+1) (Eu (1) — Eu(rg)) = > /X g ug*(w) Agrw" = (n+ 1)E, ().
j=0

This extends to u € £, by approximation. Thus u9 € £} and the action £ x Auto(X) — & is
strongly continuous. As u — u9 = 74 + g*u is monotone increasing, P, (u?, v9) = P, (u, v)9.
Hence the action is an isometry on &/ .

Finally, assume w > 0. Since Auty(X) acts by isometries, we can assume u = 0. By closedness of
{g € Autg(X) : di(7g,0) < C}, itis enough to show that any sequence g; such that

d ('rgj, 0) < C admits a convergent subsequence in Aut(X).
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Action by automorphisms

As the neutral component Autg(X) acts trivially on cohomology, for each g € Autg(X)
there exists a unique rg € C>°(X) such that

g*w =w+ dd°rg, Eu(rg) =0.
For each u € PSH(X,w), we set u9 := 79 + g*u. ~ w + dd°u9 = g* (wy).

Proposition

The right-action of Auty(X) on PSH(X, w) restricts to an isometry on &/, which
preserves the Monge-Ampeére energy. When w > 0, this action is further proper, i.e.
{g € Auty(X) : dy(u9,u) < C} is compact for any u € €' and C > 0.

Proof. Let u € £, N L°°(X). Then
(n+ 1By (1) = (n+1) (Eu (1) — Eu(rg)) = > /X g ug*(w) Agrw" = (n+ 1)E, ().
j=0

This extends to u € £, by approximation. Thus u9 € £} and the action £ x Auto(X) — & is
strongly continuous. As u — u9 = 74 + g*u is monotone increasing, P, (u?, v9) = P, (u, v)9.
Hence the action is an isometry on &/ .

Finally, assume w > 0. Since Auty(X) acts by isometries, we can assume u = 0. By closedness of
{g € Autg(X) : di(7g,0) < C}, itis enough to show that any sequence g; such that

a; ('rgj, 0) < C admits a convergent subsequence in Aut(X). By Awrg/ < C'.
Hence g; : X — X is uniformly Lipschitz wrt (the Riemannian metric induced by) w.
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Action by automorphisms

As the neutral component Autg(X) acts trivially on cohomology, for each g € Autg(X)
there exists a unique rg € C>°(X) such that

g*w =w+ dd°rg, Eu(rg) =0.
For each u € PSH(X,w), we set u9 := 79 + g*u. ~ w + dd°u9 = g* (wy).

Proposition

The right-action of Auty(X) on PSH(X, w) restricts to an isometry on &/, which
preserves the Monge-Ampeére energy. When w > 0, this action is further proper, i.e.
{g € Auty(X) : dy(u9,u) < C} is compact for any u € €' and C > 0.

Proof. Let u € £, N L°°(X). Then
(n+ 1By (1) = (n+1) (Eu (1) — Eu(rg)) = > /X g ug*(w) Agrw" = (n+ 1)E, ().
j=0

This extends to u € £, by approximation. Thus u9 € £} and the action £ x Auto(X) — & is
strongly continuous. As u — u9 = 74 + g*u is monotone increasing, P, (u?, v9) = P, (u, v)9.
Hence the action is an isometry on &/ .

Finally, assume w > 0. Since Auty(X) acts by isometries, we can assume u = 0. By closedness of
{g € Autg(X) : di(7g,0) < C}, itis enough to show that any sequence g; such that

a; ('rgj, 0) < C admits a convergent subsequence in Aut(X). By Awrg/ < C'.
Hence g; : X — X is uniformly Lipschitz wrt (the Riemannian metric induced by) w. By Ascoli, after
passing to a subsequence, g; — g uniformly. The map g is then holomorphic.

Antonio Trusiani Extremal metrics on resolutions



Action by automorphisms

As the neutral component Autg(X) acts trivially on cohomology, for each g € Autg(X)
there exists a unique rg € C>°(X) such that

g*w =w+ dd°rg, Eu(rg) =0.
For each u € PSH(X,w), we set u9 := 79 + g*u. ~ w + dd°u9 = g* (wy).

Proposition

The right-action of Auty(X) on PSH(X, w) restricts to an isometry on &/, which
preserves the Monge-Ampeére energy. When w > 0, this action is further proper, i.e.
{g € Auty(X) : dy(u9,u) < C} is compact for any u € €' and C > 0.

Proof. Let u € £, N L°°(X). Then
(n+ 1By (1) = (n+1) (Eu (1) — Eu(rg)) = > /X g ug*(w) Agrw" = (n+ 1)E, ().
j=0

This extends to u € £, by approximation. Thus u9 € £} and the action £ x Auto(X) — & is
strongly continuous. As u — u9 = 74 + g*u is monotone increasing, P, (u?, v9) = P, (u, v)9.
Hence the action is an isometry on &/ .

Finally, assume w > 0. Since Auty(X) acts by isometries, we can assume u = 0. By closedness of
{g € Autg(X) : di(7g,0) < C}, itis enough to show that any sequence g; such that

a; ('rgj, 0) < C admits a convergent subsequence in Aut(X). By Awrg/ < C'.
Hence g; : X — X is uniformly Lipschitz wrt (the Riemannian metric induced by) w. By Ascoli, after
passing to a subsequence, g; — g uniformly. The map g is then holomorphic. Similarly, since
di(7g,0) = 61 (0, 75—1), gf1 converges uniformly to a holomorphic map h : X — X. Now

g,gj*1 = gj"gj = Id yields gh = hg = Id.
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Given a closed Lie subgroup G C Autg(X), we define di g(u, v) := infgeg di (U9, v)
on &}, x &J,. ~» quotient pseudometric on &, /G, which is a metric when the action is
proper.
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Given a closed Lie subgroup G C Autg(X), we define dj g(u, v) := infyeg di (U9, v)
on &}, x &J,. ~» quotient pseudometric on & /G, which is a metric when the action is
proper. the action is proper is w > 0 and G is a reductive subgroup of Aut,(X)
(see Remark 1.9 of the paper).

Antonio Trusiani Extremal metrics on resolutions



Given a closed Lie subgroup G C Auty(X), we define di g(u, v) := infgeg dh (ud,v)
on &}, x &J,. ~» quotient pseudometric on & /G, which is a metric when the action is
proper.

Consider a functional M : 7 — R U {4-oc0} defined on a subset F C &/, such that
both M and F are translation invariant, and assume that F is G-invariant.
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Given a closed Lie subgroup G C Autg(X), we define di g(u, v) := infyeg di (U9, v)
on &}, x &J,. ~» quotient pseudometric on &/, /G, which is a metric when the action is
proper.

Consider a functional M : 7 — R U {40} defined on a subset F C £, such that
both M and F are translation invariant, and assume that F is G-invariant.

Definition

We say that M is coercive modulo G if there exists 6 > 0, C > 0 such that
M > 6Jg — C on F, where Jg(u) := infgeg J(U9) := infgeg (fy u9w" — B, (u9)).
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Given a closed Lie subgroup G C Autg(X), we define dy g(u, v) := infyeg di (U9, V)
on &} x EL. ~» quotient pseudometric on &£! /G, which is a metric when the action is
proper.

Consider a functional M : F — R U {+oco} defined on a subset F C £}, such that
both M and F are translation invariant, and assume that F is G-invariant.

We say that M is coercive modulo G if there exists § > 0, C > 0 such that
M > 6Jg — C on F, where Jg(u) := infgcg J(U9) := infgcq (fX wIw" — Ew(ug)).

M is coercive if and only if there exists 6’ > 0, C’ > 0 such that
M(u) > §'dy g(u,0) — C' forany u € 70 := {v € F; E,(v) = 0}.
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Given a closed Lie subgroup G C Autg(X), we define di g(u, v) := infgeg di (U9, v)
on &}, x &J,. ~» quotient pseudometric on & /G, which is a metric when the action is
proper.

Consider a functional M : F — R U {4-cc0} defined on a subset F C £/, such that
both M and F are translation invariant, and assume that F is G-invariant.

We say that M is coercive modulo G if there exists § > 0, C > 0 such that
M > §Jg — C on F, where Jg(u) := infgeg J(U9) := infgeg (fy u9w" — By, (u9)).

M is coercive if and only if there exists 6’ > 0, C’ > 0 such that
M(u) > §'d; g(u,0) — C' forany u € 70 := {v € F; B, (v) = 0}.

Proof. Set T., := supycpsi(x,w) {supx u— V3! Ix u:y”} € [0, +o0), and let u € £ such that
E,(u) = 0.
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Given a closed Lie subgroup G C Autg(X), we define dj g(u, v) := infycg di (U9, v)
on &}, x EJ,. ~» quotient pseudometric on & /G, which is a metric when the action is
proper.

Consider a functional M : 7 — R U {4-oc} defined on a subset F C &, such that
both M and F are translation invariant, and assume that F is G-invariant.

We say that M is coercive modulo G if there exists § > 0, C > 0 such that
M > 6Jg — C on F, where Jg(u) := infgeq J(U9) :=infgeq (fy uIw" — Ey, (u9)).

M is coercive if and only if there exists 6’ > 0, C’ > 0 such that
M(u) > §'dy g(u,0) — C' forany u € 70 := {v € F; E,(v) = 0}.

Proof. Set T., := sup,cpsi(x,) {supx u—V;" [y uw"} € [0, +o0), and let u € £ such that
Eu (u) = 0. Then

) = [0 < [ 1] (MAL() + MAL(0) = h(u,0) =~ oh(u.0),

from which we get Jg(u) < di g(u, 0).
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Given a closed Lie subgroup G C Autg(X), we define di g(u, v) = infyeg di (U9, v)
on &}, x &J,. ~» quotient pseudometric on &, /G, which is a metric when the action is
proper.

Consider a functional M : 7 — R U {4oc} defined on a subset F C &, such that
both M and F are translation invariant, and assume that F is G-invariant.

We say that M is coercive modulo G if there exists 6 > 0, C > 0 such that
M > 6Jg — C on F, where Jg(u) := infgeg J(U9) := infgeg (fy u9w" — B, (u9)).

M is coercive if and only if there exists 6’ > 0, C’ > 0 such that
M(u) > §'d; g(u,0) — C' forany u € 70 := {v € F; B, (v) = 0}.

Proof. Set T., := sup,cpsi(x,w) {supx u— V3! Ix uw”} € [0, +o0), and let u € £ such that
E. (u) = 0. Then

J(u9) :/Xugw" < /X\ug\ (MA,, (U%) + MA,,(0)) = h(u9,0) = di(v9,0),

from which we get Jg(u) < dy g(u, 0). On the other hand

di(u9,0) < di(u?, sup u9) + di(sup u?,0) = V., sup u? + V,|sup u9] — E,, (v9) = 2V,, sup 9,
X X X X X

where we used that supy u9 > E,, (u9) = 0. Hence d;(u9,0) < 2V,, T, + 2J(u9).
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Strong convergence
and strong compactness
for varying classes




etting and Weak Convergence

Let {wj}jen be a sequence of semipositive, big (1, 1)-forms on X converging smoothly
to a big semipositive form w. Assume also that w; > (1 — ¢j)w with ¢; — 0.
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etting and Weak Convergence

Let {w;}jen be a sequence of semipositive, big (1, 1)-forms on X converging smoothly
to a big semipositive form w. Assume also that w; > (1 — ¢j)w with ; — 0.

Set V; := Vi, V := Vi, Ej := B, E:= B, & = 5;/.,51 =&, MA, =

MAy;; MA := MAy, and d, j, d; for the Darvas metrics.
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etting and Weak Convergence

Let {w;}jen be a sequence of semipositive, big (1, 1)-forms on X converging smoothly
to a big semipositive form w. Assume also that w; > (1 — ¢j)w with ¢; — 0.

Definition

We say that a sequence {u;}; with u; € PSH(X, w;) converges weakly to
u € PSH(X,w) if uf — uin L.
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etting and Weak Convergence

Let {wj}jen be a sequence of semipositive, big (1, 1)-forms on X converging smoothly
to a big semipositive form w. Assume also that w; > (1 — ¢j)w with ¢; — 0.

Definition

We say that a sequence {u;}; with u; € PSH(X, w;) converges weakly to
u € PSH(X,w) if uj — uin L.

@ Since w; < Cwy, this is equivalent to the convergence in PSH(X, Cwy).
@ In particular, it is not hard to check that there exists A > 0 such that

supu—A< qu / uw}7 <supu
X X X
for any u € PSH(X, w;). Hence any sequence u; € PSH(X, w;) with [, u; wjf’
uniformly bounded admits a subsequence u;, that converges weakly to

u € PSH(X,w). [This follows from the weak compactness of
{u € PSH(X, Cwy) : |supy u| < C}]
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etting and Weak Convergence

Let {w;}jen be a sequence of semipositive, big (1, 1)-forms on X converging smoothly
to a big semipositive form w. Assume also that w; > (1 — ¢j)w with ; — 0.

We say that a sequence {u;}; with u; € PSH(X, w;) converges weakly to
u € PSH(X,w) if uf — uin L.

v

For any weakly convergent sequence PSH(X,w;) > u; — u € PSH(X,w) we have
limsup;_, o Ej(y) < E(u).
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etting and Weak Convergence

Let {w;j}jen be a sequence of semipositive, big (1, 1)-forms on X converging smoothly
to a big semipositive form w. Assume also that w; > (1 — ¢j)w with ¢; — 0.

We say that a sequence {u;}; with u; € PSH(X, w;) converges weakly to
u € PSH(X,w) if uj — uin L.

V.

For any weakly convergent sequence PSH(X, w;) > u; — u € PSH(X, w) we have
limsup;_, ;o Ej(u;) < E(u).

Proof. We can assume u; < 0.
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etting and Weak Convergence

Let {w;}jen be a sequence of semipositive, big (1, 1)-forms on X converging smoothly
to a big semipositive form w. Assume also that w; > (1 — ¢j)w with ¢; — 0.

We say that a sequence {u;}; with u; € PSH(X, w;) converges weakly to
u € PSH(X,w) if uj — uin L.

For any weakly convergent sequence PSH(X,w;) > u; — u € PSH(X, w) we have
limsup;_, o Ej(y;) < E(u).

Proof. We can assume u; < 0. Indeed we know that J; := u; — supy U — U := U — supy u.
Moreover
E;(u;) — E;({;) = Vjsupu; — Vsupu = E(u) — E(0).
X X
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etting and Weak Convergence

Let {w;}jen be a sequence of semipositive, big (1, 1)-forms on X converging smoothly
to a big semipositive form w. Assume also that w; > (1 — ¢j)w with ¢; — 0.

Definition

We say that a sequence {u;}; with u; € PSH(X, w;) converges weakly to
u € PSH(X,w) if uj — uin L.

Proposition

For any weakly convergent sequence PSH(X,w;) > u; — u € PSH(X, w) we have
limsup;_, o Ej(y;) < E(u).

Proof. We can assume u; < 0. We can assume u; > —C uniformly. This follows from

uf := max(u;, —k) — u* == max(u, —k), E;(1j) < Ej(max(y;, —k)) and E(u*) \ E(u).
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etting and Weak Convergence

Let {w;}jen be a sequence of semipositive, big (1, 1)-forms on X converging smoothly
to a big semipositive form w. Assume also that w; > (1 — ¢j)w with ; — 0.

We say that a sequence {u;}; with u; € PSH(X, w;) converges weakly to
u € PSH(X,w) if uj — uin L.

V.

For any weakly convergent sequence PSH(X,w;) 3 u; — u € PSH(X,w) we have
limsup;_, o Ej(y) < E(u).

Proof. We can assume u; < 0. We can assume u; > —C uniformly. Then

Ej(y) <E; ((1 — E,‘)U) + /x (U/’ -(1- 6,‘)Ll) (wj +(1 - El‘)ddcu)n .
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etting and Weak Convergence

Let {w;}jen be a sequence of semipositive, big (1, 1)-forms on X converging smoothly
to a big semipositive form w. Assume also that w; > (1 — ¢;)w with ; — 0.

Definition

We say that a sequence {u;}; with u; € PSH(X, w;) converges weakly to
u € PSH(X,w) if uy — win L.

Proposition

For any weakly convergent sequence PSH(X,w;) 3> u; — u € PSH(X, w) we have
limsup;_, o Ej(yj) < E(u).

Proof. We can assume u; < 0. We can assume u; > —C uniformly. Then
Bu) B (1= 2)0) + [ (4= (1= 2)u) (w+ (1 = )deu)"

We have E; ((1 — ¢j)u) — E(u). This easily follows from the smooth convergence w; — w and the
fact that v is bounded, as

E (1 —&)u) = njﬂ Z/Xu — ep)u(wj+ (1 — g))ddu)* A w] ™"
k=0

Antonio Trusiani Extremal metrics on resolutions



etting and Weak Convergence

Let {w;}jen be a sequence of semipositive, big (1, 1) -forms on X converging smoothly
to a big semipositive form w. Assume also that w; > (1 — ¢j)w with ; — 0.

We say that a sequence {u;}; with u; € PSH(X, w;) converges weakly to
u € PSH(X,w) if uj — win L.

For any weakly convergent sequence PSH(X,w;) 3 u; — u € PSH(X, w) we have
limsup;_, o Ej(yj) < E(u).

Proof. We can assume u; < 0. We can assume u; > —C uniformly. Then
Bi(u) < E (1 — &)u) + /X (U — (1 — ) (wj + (1 — &))ddu)".

We have E; ((1 — ¢j)u) — E(u). Similarly [} u (w; + (1 — g)dd°u)” — [, u(w + dd°u)".
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etting and Weak Convergence

Let {w;}jen be a sequence of semipositive, big (1, 1)-forms on X converging smoothly
to a big semipositive form w. Assume also that w; > (1 — ¢;)w with ¢; — 0.

We say that a sequence {u;}; with u; € PSH(X, w;) converges weakly to
u € PSH(X,w) if uj — uin L.
v

For any weakly convergent sequence PSH(X,w;) 3 u; — u € PSH(X, w) we have
limsup;_, ;o Ej(y) < E(u).

Proof. We can assume u; < 0. We can assume u; > —C uniformly. Then
i) < B (=) + [ (1= (1= 2)u) (g + (1 = 5)dd")"

We have E; ((1 — gj)u) — E(u). Similarly [y u (wj + (1 — g;)dd°u)” — [, u(w + dd°u)". On
the other hand

/ Ui (wj+ (1 = Ej)ddcu)n = / U (wi— (1 —gw+(1—¢)(w+ ddcu))n < (1761‘)"/ uj(w+dd°u)”
X X X

as u; < 0and w; > (1 — ¢j)w. The proof concludes setting v; := (supkzl- uk) * and observing
that, by Monotone Convergence,

/ Ui (w + ddu)" < / Vi (w + dd°u)" — / u(w + ddu)”
X X X
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trong Convergence

Definition

We say that a sequence {u;}jen With u; € £ converges strongly to u € £ if it
converges weakly and E;(u;) — E(u).
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trong Convergence

Definition

We say that a sequence {u;}jen With u; € Sj‘ converges strongly to u € £ if it
converges weakly and E;(u;) — E(u).

@ Letu € &' N L>®(X). Then S; > uj == (1 — &j)u — u strongly.

e ifue &t NL>(X)andy € 51.1 decreases to u, then u; — u strongly.
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trong Convergence

Definition

We say that a sequence {u;}jen With u; € 8].1 converges strongly to u € £ if it
converges weakly and E;(u;) — E(u).

o Letu e &' nL>(X). Then 81-1 3 U := (1 — gj)u — u strongly.

o ifue&nLe(X)andy € 51-1 decreases to u, then u; — u strongly.

Proposition

If uj, v € 81.1 converge stronlgy to u, v € €', then d; j(u;, v;) — di(u, v).
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trong Convergence

Definition

We say that a sequence {u;}jen With u; € 8].1 converges strongly to u € &£ if it
converges weakly and E;(u;) — E(u).

o Letue &' NL>(X). Then €' > u; := (1 —¢j)u — u strongly.

e ifue&nLe(X)andy € 51-1 decreases to u, then u; — u strongly.

Proposition

If uj, v; € €] converge stronigy to u, v € &', then di ;(u;, vj) — di(u, v).

Proof. We first want to prove that limsup;_, . . di Sy, vy) < di(u, v).
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trong Convergence

Definition

We say that a sequence {u;}jen With u; € Sj.‘ converges strongly to u € £ if it
converges weakly and E;(u;) — E(u).

o Letue &' NL>(X). Then &l 5 uj:= (1 — ¢j)u — u strongly.

o ifue ' NL>(X)and y € £ decreases to u, then u; — u strongly.

Proposition

If uj, vj € 61-1 converge stronlgy to u, v € €', then dy j(u;, v;) — di(u, v).

Proof. We first want to prove that limsup;_, , . di j(u;, ;) < di(u, v). Set

u¥ := max(u, —k), vK := max(v, —k). Then

di iy, vj) < dij (Uh (1- Ei)Uk) +di ((1 — e, (1 - 8/)Vk) +ai, ((1 — )V, V/)) .

We claim that lim sup;_, ., RHS < ¢ (u, u¥) + dy (u, v¥) + di (v¥, v) k2580 o (u, v).
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trong Convergence

Definition

We say that a sequence {u;}jen With u; € Sj‘ converges strongly to u € £1 if it
converges weakly and E;(u;) — E(u).

o Letue &' NL>(X). Then &' 3 uj:= (1 — ¢j)u — u strongly.

o ifue ' NL>(X)and y € £ decreases to u, then u; — u strongly.

Proposition

If uj, v € 51.1 converge stronlgy to u, v € €', then d; j(u;, v;) — di(u, v).

Proof. We first want to prove that lim SUPj_, 400 O 4y, vy) < di(u, v). Set

Uk .= max(u, —k), vk := max(v, —k). Then

ahj(u;, V) < dh (Ufa (- E/)Uk) +di ((1 — e, (1 - 8/)Vk) +di ((1 — )V, V/‘)) :

We claim that lim sup;_, ., RHS < ¢ (u, u¥) + di (u, v¥) + di (v¥, v) k=590 o (u, v). Set
K

uf := max <Uj, (1 - aj)u"). Observe that lim sup; . Ej(uf) < E(u¥) as uf — u* weakly.
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Definition

We say that a sequence {u;}jen with u; € €] converges strongly to u € €' if it
converges weakly and E;(u;) — E(u).

@ Letu € &' N L>(X). Then 8/-1 3 U= (1 —¢j)u — u strongly.
e ifue &t NL>(X)andy € 51.1 decreases to u, then u; — u strongly.

Proposition

If uj, vj € 61.1 converge stronlgy to u, v € €', then d; j(u;, v;) — di(u, v).

Proof. We first want to prove that limsup;_, , ., di ;(u;, v;) < di(u, v). Set

Uk := max(u, —k), vk := max(v, —k). Then

o j(u v) < by (0, (1= ) oy (1= e, (1= V¥ iy (1= )V ) -

We claim that lim sup;_, , ., RHS < ¢ (u, u¥) + di (u*, v¥) + di (v¥, v) k2420 dy (u, v). Set
uf = max (u/, 1 - sj)uk). Observe that limsup;_, E/(u}‘) < E(uF) as u;( — Uk weakly. Then

/)
dy (u (1 =) <y (upuf)+ary (o, (1 = e)u") = 26(uf)—Ej(w)—E; (1 - )u") .

We deduce limsup; ., | ., di (u,, (1- Ej)uk)) < di(u, u¥) as u; — u strongly and
(1 — &j)uf — U strongly.
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Definition

We say that a sequence {u;}jen With u; € Ej‘ converges strongly to u € £ if it
converges weakly and E;(u;) — E(u).

o Letue &' NL>(X). Then &l 5 uj:= (1 - ¢j)u — u strongly.
e ifue &t NnL>(X)andy € 51.1 decreases to u, then u; — u strongly.

Proposition

If uj, v; € €] converge stronigy to u, v € &', then dj ;(u;, v;) — di(u, v).

Proof. We first want to prove that lim sup;_, | . dh ;(y;, ;) < di(u, v). Set

uk = max(u, —k), vk := max(v, —k). Then

o j(u: ) < 0y ( (1 = )+ (1= ). (1 = epv¥) +as (1= )V ).

We claim that lim sup;_, ., RHS < di(u, u¥) + di (u, v¥) + di (v¥, v) k2420 di(u, v).  Set
wk .= P, (u¥, v¥). Then

ohy (1= e, (1 = V) <y ((1 = e, (1 = epw) ey (1 = ewh, (1 = V)

=E ((1 - e,)uk) +E ((1 - e/)vk> — 2E ((1 - 5,)wk) T2 gy (UK, V).
This proves the claim and concludes the first part of the proof.
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trong Convergence

Definition

We say that a sequence {u;}jen with u; € 8]1 converges strongly to u € &£ if it
converges weakly and E;(u;) — E(u).

o Letue &' NL>(X). Then £ > y; := (1 —¢j)u — u strongly.

o ifue &' NL>(X)and y € £ decreases to u, then y; — u strongly.

Proposition

If uj, vj € €] converge stronigy to u, v € &', then di ;(u;, vj) — di(u, v).

Proof.  We know that limsup;_ . ., di (U, v;) < di(u, v). It remains to show that
lim inf,‘A,Jroo [o} 7,‘(Ll/'7 V/) > d1(U, V).
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trong Convergence

Definition

We say that a sequence {u;}jen With u; € £ converges strongly to u € £ if it
converges weakly and E;(u;) — E(u).

o Letue &' NL>(X). Then &l 3 uj:= (1 — j)u — u strongly.

o ifue ' NL>(X)and y € £ decreases to u, then u; — u strongly.

Proposition

If uj, v € 51.1 converge stronlgy to u, v € €', then d; j(u;, v;) — di(u, v).

Proof.  We know that limsup;_, , ., d1 j(u;, ;) < di(u, v). It remains to show that
liminfj_ o0 0 (Y, vj) 2 di(u, v).

As dy j(u;, vj) < dy j(u;, 0) + dy (v}, 0) is bounded, we may assume that it converges. Set
w; := P;(y;, v;). Using the definition of d; ; one deduce that d; j(w;, 0) is bounded as well.
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trong Convergence

Definition

We say that a sequence {u;}jen With u; € Sj.‘ converges strongly to u € £ if it
converges weakly and E;(u;) — E(u).

@ Letuc &' NL>®(X). Then&! 3 u; == (1 — ¢j)u — u strongly.
fi /) ]

o ifue ' NL>(X)and y € £ decreases to u, then u; — u strongly.

Proposition

If uj, vj € 61-1 converge stronlgy to u, v € €', then dy j(u;, vj) — di(u, v).

Proof.  We know that limsup;_, , ., d ;(y;, vj) < di(u, v). It remains to show that

lim infj_,+oc d ,j(uj7 V/) > d (U, V).

As dy j(u;, vj) < dy j(u;, 0) + dy j(v;, 0) is bounded, we may assume that it converges. Set

w; := P;(y;, v;). Using the definition of d; ; one deduce that d; j(w;, 0) is bounded as well. Then
Jx wjwj' is bounded. By compactness, w; subconverges weakly to w € PSH(X, w). Note that
E(w) > limsup;_, , . Ej(w)) > —oo,and thatw < u, v.
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trong Convergence

Definition

We say that a sequence {u;}jen With u; € Sj‘ converges strongly to u € £ if it
converges weakly and E;(u;) — E(u).

o Letuc E'NL>(X). Then &l 5 u; == (1 — j)u — u strongly.

e ifue &t NL>(X)andy € 51.1 decreases to u, then u; — u strongly.

Proposition

If uj, v; € 81-1 converge stronlgy to u, v € €', then dy j(u;, v;) — di(u, v).

Proof.  We know that limsup;_ , . di ;(u;, vj) < di(u, v). It remains to show that

liminf;_ o 0 j(u;, v;) > di(u, v).

As dy j(u;, vj) < dy j(u;, 0) + dy j(v;, 0) is bounded, we may assume that it converges. Set

w; := P;(u;, v;). Using the definition of d; ; one deduce that d; j(w;, 0) is bounded as well. Then
Jx wjwj' is bounded. By compactness, w; subconverges weakly to w € PSH(X, w). Note that
E(w) > limsup;_, , . Ej(w)) > —oo,and thatw < u, v.

Since lim infj_, ;o di j(U;, W) = liminfj_, oo (E;(u;) — Ej(w)) > E(u) — E(w) = dy(u, w), and
similarly liminf;_, 4 o di j(w;, vj) > di(w, v), we get

di(u, v) < di(u, w) + ch(w, v) < liminf (dh (1), w) + di (W), v))) = liminf dh ;(u;, V7).
j—+oo j—+oo
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trong compactness

Fix a volume form v on X and denote by
1 1
Hi(u) := EEnt (MAj(u)lv), H(u):= EEm (MA(u)|v)

respectively the entropy functions on El.‘ andon &1,
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trong compactness

Fix a volume form v on X and denote by
1 1
Hi(u) := EEnt (MAj(u)lv), H(u):= EEm (MA(u)|v)

respectively the entropy functions on El.‘ andon &1,
Given two positive measures p, v,

Jx flogfdv if du=fdv

+o0 otherwise.

Ent(p|v) == {
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trong compactness

Fix a volume form v on X and denote by
1 1
Hi(u) := EEnt (MAj(u)lv), H(u):= EEm (MA(u)|v)
respectively the entropy functions on El.‘ andon &1,
Given two positive measures p, v,

Jx flogfdv if du=fdv

+o0 otherwise.

Ent(p|v) == {
It can be expressed as a Legendre transform

Ent(p|v) = sup {/ gdu — p(X) Iog/ e du} + p(X) log u(X).
geco(x) X X
~ Ent(-|v) is convex, Isc on the space of positive measures (wrt the weak

convergence) and Ent(u|v) > p(X) log ‘:88
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trong compactness

Fix a volume form v on X and denote by
1 1
Hi(u) := EEnt (MAj(W)|v), H(u):= EEm (MA(u)|v)
respectively the entropy functions on EI.‘ andon &1,
Given two positive measures p, v,

Jx flogfdv if du=fdv

+o0 otherwise.

Ent(p|v) == {
It can be expressed as a Legendre transform

Ent(p|v) = sup {/ gdu — p(X) Iog/ e du} + p(X) log u(X).
geco(x) X X
~ Ent(-|v) is convex, Isc on the space of positive measures (wrt the weak

convergence) and Ent(u|v) > p(X) log ‘:88

Any sequence {u;}jcn such that supy u; and the entropy H;(u;) are both bounded
admits a subsequence that converges strongly to some u € £1.
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trong Compactness (FProo

There exists a uniform constant C > 0 such that E;(u) > V;supy u — C (H;(u) + 1) for
allue S/.‘ and all j € N.
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trong Compactness (FProo

There exists a uniform constant C > 0 such that E;(u) > V;supy u — C (H;(u) + 1) for
allue Sl.‘ and allj € N.

Proof. By there exists o« > 0, B > 0 such that

/ e “Ydv<B
X

for any u € PSH(X, w;) C PSH(X, Cw) with supy u = 0.
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trong Compactness (FProo

There exists a uniform constant C > 0 such that E;(u) > V;supy u — C (H;(u) + 1) for
allue S].‘ and all j € N.

Proof. By there exists « > 0, B > 0 such that

/ e *dv < B
X

forany u € PSH(X, w;) C PSH(X, Cw) with supy u = 0. For such u we have
—aEj(u) < /(7au)MA/(u) < 2H;(u) + leog/e_audv — Vilog V; < 2H;(u) + C
X

for a uniform constant C.
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trong Compactness (FProo

There exists a uniform constant C > 0 such that E;(u) > Vjsupy u — C (H;(u) + 1) for
allue Sl.‘ and allj € N.

Assume that &' 5 u; — u € &' weakly. If H(u;) is bounded, then u; — u strongly.
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trong Compactness (FProo

There exists a uniform constant C > 0 such that E;(u) > Vjsupy u — C (Hj(u) + 1) for
allue &' andallj € N.

Assume that 81-1 > uj — u € £" weakly. If Hj(y)) is bounded, then u; — u strongly.

Pick a convergent sequence f; — fin L'(v), and assume that
Cp = sup; [y €”ildv < +oc for each p > 0. For each C > 0, we then have
Jx|fi — fldu — 0 uniformly wrt all positive measures p such that Ent(u|v) < C.
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trong Compactness (FProo

There exists a uniform constant C > 0 such that E;(u) > V;supy u — C (H;(u) + 1) for
allue S/.‘ and all j € N.

Assume that 5; > uj — u € E" weakly. If H;(y)) is bounded, then u; — u strongly.

Pick a convergent sequence f; — f in L'(v), and assume that
Cp = sup; [y e”1ldv < +o0 for each p > 0. For each C > 0, we then have
Jx|fi — fldu — 0 uniformly wrt all positive measures p such that Ent(u|v) < C.

Sketch of the Proof. Assume f = 0 (one can reduce to this case). As [ el du is bounded, the
sequence |fj\2 is uniformly integrable. Thus, as f; — 0 v-a.e., we deduce that fx\iﬂzdv — 0.
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trong Compactness (FProo

There exists a uniform constant C > 0 such that E;(u) > V;supy u — C (H;(u) + 1) for
allue &' andallj € N.

Assume that S; > uj — u € £" weakly. If Hj(y)) is bounded, then u; — u strongly.

Pick a convergent sequence f; — fin L'(v), and assume that
Cp = sup; [ €”ildv < +oc for each p > 0. For each C > 0, we then have
Jx|fi — fldu — 0 uniformly wrt all positive measures p such that Ent(u|v) < C.

2
Sketch of the Proof. f = 0and ;%" 0.
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trong Compactness (FProo

There exists a uniform constant C > 0 such that E;(u) > V;supy u — C (H;(u) + 1) for
allue &' andallj € N.

Assume that £! 5 u; — u € &' weakly. If H(u;) is bounded, then u; — u strongly.

Pick a convergent sequence f; — fin L'(v), and assume that
Cp = sup; [ €”1ldv < +oc for each p > 0. For each C > 0, we then have
Jx|fi — fldu — 0 uniformly wrt all positive measures p. such that Ent(u|v) < C.

2 v
Sketch of the Proof. f =0 and f; %) 0. pick p such that Ent(p|v) < C, setg := Z—fj for
geLl'(v).
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trong Compactness (FProo

There exists a uniform constant C > 0 such that E;(u) > V;supy u — C (H;(u) + 1) for
allue Sl.‘ and allj € N.

Assume that &' 5 u; — u € &' weakly. If H(u;) is bounded, then u; — u strongly.

Pick a convergent sequence f; — f in L'(v), and assume that
Cp = sup; [y e”ildv < +o0 for each p > 0. For each C > 0, we then have
Jx|fi — fldu — 0 uniformly wrt all positive measures p such that Ent(u|v) < C.

2
Sketch of the Proof. f = 0and f; “% 0. Pick 1 such that Ent(u|v)) < C, set g := %% for
g € L'(v). We have, for any p > 0,

I5lg < 151”5+ p~"x(9).
This follows using the convex conjugate weights (on R4) x(x) = (x + 1) log(x + 1) — x and

X"(y) = it;ré{xy —x()}=¢ —y—-1<ye.
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trong Compactness (FProo

There exists a uniform constant C > 0 such that E;(u) > V;supy u — C (H;(u) + 1) for
allue Sl.‘ and allj € N.

Assume that &' 5 u; — u € &' weakly. If H(u;) is bounded, then u; — u strongly.

Pick a convergent sequence f; — f in L'(v), and assume that
Cp = sup; [y e”ildv < +o0 for each p > 0. For each C > 0, we then have
Jx|fi — fldpu — 0 uniformly wrt all positive measures p such that Ent(u|v) < C.

2 v
Sketch of the Proof. f =0 and f; "8 0. Pick p such that Ent(p|v) < C, setg := % for
g € L'(v). We have, for any p > 0,

Iflg < 151”1 + p~"x(g).

Since x(x) — x log x is bounded from above on R, we have [, x(g) dv < C’ for C’ that only
depend on C.
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trong Compactness (FProo

There exists a uniform constant C > 0 such that E;(u) > V;supy u — C (H;(u) + 1) for
allue 5/‘1 and all j € N.

Assume that &' > u; — u € &' weakly. If H(u;) is bounded, then u; — u strongly.

Pick a convergent sequence f; — f in L'(v), and assume that
Cp = sup; [y e”ildv < +o0 for each p > 0. For each C > 0, we then have
Jx|fi — fldpu — 0 uniformly wrt all positive measures p such that Ent(u|v) < C.

2 v
Sketch of the Proof. f =0 and f; 8 0. pick p such that Ent(p|v) < C, setg := ‘;’—5 for
g € L'(v). We have, for any p > 0,

Itlg < 151”1 + p~"x(g).

Since x(x) — x log x is bounded from above on R, we have [, x(g) dv < C’ for C’ that only
depend on C. Hence

[iidn= [ iggar < [ 101" dv+p7'C" < gl Gl + 57"
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trong Compactness (FProo

There exists a uniform constant C > 0 such that E;(u) > V;supy u — C (H;(u) + 1) for
allue Sl.‘ and all j € N.

Assume that &' 5 u; — u € &' weakly. If H(u;) is bounded, then u; — u strongly.

Pick a convergent sequence f; — fin L'(v), and assume that
Cp = sup; [ €”ildv < +oc for each p > 0. For each C > 0, we then have
Jx|fi — fldu — 0 uniformly wrt all positive measures p. such that Ent(u|v) < C.

2
Sketch of the Proof. f = 0and f; ") 0. pick w such that Ent(u|v) < C, setg := Z—‘lj for
g € L'(v). We have, for any p > 0,
Iflg < 151”1 +p~"x(9)-
Since x(x) — x log x is bounded from above on R, we have [, x(g) dv < C’ for C’ that only
depend on C. Hence

[itau= [itiga < [ 11?1 dv+p7'C" < e, CYf* +p7'C"

For any € > 0 one can choose p >> 1 such that p~'C’ < « to have that Jx!fildu < 2e when

i1l 2, is small enough.
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trong Compactness (FProo

There exists a uniform constant C > 0 such that E;(u) > Vjsupy u — C (H;(u) + 1) for
allue Sl.‘ and all j € N.

Assume that £! > u; — u € €7 weakly. If H;(y;) is bounded, then u; — u strongly.

Proof. We want to prove lim inf;_, | o E;j(u;) > E(u). Set p; := MA;(y;) and Uk = max(u, —k).

Pick a convergent sequence f; — fin L'(v), and assume that
Cp := sup; [y ePlil du < +oc for each p > 0. For each C > 0, we then have
Jx!fi — fldp — 0 uniformly wrt all positive measures p such that Ent(u|v) < C.
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trong Compactness (FProo

There exists a uniform constant C > 0 such that E;(u) > V;supy u — C (H;(u) + 1) for
allue El.‘ and allj € N.

Assume that &' > u; — u € &' weakly. If H(u;) is bounded, then u; — u strongly.

Proof. We want to prove lim inf;_, | o E;(u;) > E(u). Set p; := MA;(y;) and uF = max(u, —k).
We have

B (u)—E; ((1 = 5)uf) / (u =0 —ed) d = ./X(uj—u)dp/-+/x(u—u“)d;4/+aj /X rm

Pick a convergent sequence f; — fin L'(v), and assume that
Cp = sup; [y €1l dv < +o00 for each p > 0. For each C > 0, we then have
Jx|fi — fldu — 0 uniformly wrt all positive measures p such that Ent(u|v) < C.
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ong Compactness (FProo

There exists a uniform constant C > 0 such that E;(u) > Vjsupy u — C (H;(u) + 1) for
allue Sl.‘ and all j € N.

Assume that 5; > uj — u € E" weakly. If Hj(y)) is bounded, then u; — u strongly.

Proof. We want to prove lim inf;_. | o E;(u;) > E(u). Set p; := MA;(y;) and Uk = max(u, —k).

We have

E;(u))—E; ((1 *E/)uk) Z/ (U/ -(1- E/)Uk) dpj = /(Ujfu)d#ﬁ/(ufuk)d#ﬁ@/ U dy
X X X X

As elements in Ej‘ , €' have zero Lelong numbers ( ), the main result in

gives that

. k
sup/ep‘ul‘dl/<+oo7 sup/ep‘“ ldv < +o00.
i JIx Kk Jx

Pick a convergent sequence f; — f in L'(v), and assume that
Cp = sup; [y €1l dv < +o0 for each p > 0. For each C > 0, we then have
Jx|fi — fldu — 0 uniformly wrt all positive measures p such that Ent(u|v) < C.
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trong Compactness (FProo

There exists a uniform constant C > 0 such that E;(u) > V;supy u — C (H;(u) + 1) for
allue £l.‘ and all j € N.

Assume that £! 5 u; — u € &' weakly. If H(u;) is bounded, then u; — u strongly.

Proof. We want to prove liminf;_, | o Ej(u;) > E(u). Set p; := MA;(y;) and Uk = max(u, —k).

We have
_f ' K "k
E/(Uj)—Ef( (1 —¢g)u / (u/ —(1—g)u ) dpj = / (U/—U)du/+/ (u—u )du/+6f/ U dy
X X X
As elements in £/, £" have zero Lelong numbers ( ), the main result in

gives that
’ k
sup/ep‘“/‘dy<+<>o7 sup/ep‘u‘du<+004
i JXx k

jrteo

0, sup; [y|u—u K\ dp; k=2teo g,

Hence, from the Lemma below we get [, (uj — u)dy;

Pick a convergent sequence f; — f in L'(v), and assume that
Cp = sup; [y e”1ldv < +o0 for each p > 0. For each C > 0, we then have
Jx|fi — fldu — 0 uniformly wrt all positive measures p such that Ent(u|v) < C.
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trong Compactness (FProo

There exists a uniform constant C > 0 such that E;(u) > V;supy u — C (H;(u) + 1) for
allue 5/‘1 and all j € N.

Assume that 81-1 SU—UE £ weakly. If H;(u;) is bounded, then u; — u strongly.

Proof. We want to prove lim inf;_, | o E;(u;) > E(u). Set ; := MA;(yj) and u¥ := max(u, —k).

We have

E,-(u,-)—E,-( (1 —ej)u / (uj —(1—¢g)u ) duj = /X(u,-—u)d;L,-+/)((u—uk)du/+sj/Xuk duj

As e [y U duj > —kVie; 75 0, we deduce that
liminfj— 4 oo Ej(U) > limk— 100 B(U¥) = E(u).

Pick a convergent sequence f; — f in L'(v), and assume that
Cp = sup; [y e”1ldv < +o0 for each p > 0. For each C > 0, we then have
Jx|fi — fldu — 0 uniformly wrt all positive measures p such that Ent(u|v) < C.
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trong Compactness (FProo

There exists a uniform constant C > 0 such that E;(u) > Vjsupy u — C (H;(u) + 1) for
allue S/.‘ and all j € N.

Assume that £! 5 u; — u € &' weakly. If H(u;) is bounded, then u; — u strongly.

Proof of the Theorem.
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trong Compactness (FProo

There exists a uniform constant C > 0 such that E;(u) > V;supy u — C (H;(u) + 1) for
allue S/.‘ and all j € N.

Assume that 811 > uj — u € E" weakly. If Hj(y)) is bounded, then u; — u strongly.

Proof of the Theorem. As supy u; is bounded, we may assume that u; — u weakly. By the first
Lemma, E;(u) is bounded below. We deduce that E(u) > limsup;_, , . E;(y) > —oo,i.e. U € AR
The second Lemma then concludes the proof.
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Openness of coercivity
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€ general recipe 1or openness of coercivity

Fix a closed subgroup G C Auty(X) and consider functionals
M:F —RU{+o00}, M :F; — RU{+oo},

respectively defined on subsets of £' and 51.1 and satisfying the following conditions:
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€ general recipe 1or openness of coercivity

Fix a closed subgroup G C Auty(X) and consider functionals
M:F—RU{4+oc0}, M:F — RU{+oc},
respectively defined on subsets of £' and 51.1 and satisfying the following conditions:
@ Invariance: both F;, 7 and M;, M are invariant under translation and under the action of G;
@ Normalization: 0 lies in F; and F, and M;(0) — M(0).

@ Lower Semicontinuity: If 7; 5 u; — u € £ strongly, then u € F and
lim infj*,+oo /\/I/'(U/‘) > M(U)

@ Convexity: F; is convex wrt psh geodesics and M; is convex along such geodesics.

@ Entropy Growth: there exists § > 0, C > 0 such that M;(u) > 6Hj(u) — C (dh j(u,0) + 1) for
anyu € Fjandanyj € N.

@ Properness: for each j the action of G on Sj‘ is proper.
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€ general recipe 1or openness of coercivity

Fix a closed subgroup G C Auty(X) and consider functionals
M:F —RU{+o00}, M :F; — RU{+oo},
respectively defined on subsets of £' and 5/.1 and satisfying the following conditions:
@ Invariance: both F;, 7 and M;, M are invariant under translation and under the action of G;
@ Normalization: 0 lies in F; and F, and M;(0) — M(0).

@ Lower Semicontinuity: If 7; 5 u; — u € £ strongly, then u € F and
lim infj*,+oo /\/I/'(U/‘) > M(U)
@ Convexity: F; is convex wrt psh geodesics and M; is convex along such geodesics.

@ Entropy Growth: there exists § > 0, C > 0 such that M;(u) > 6Hj(u) — C (dh j(u,0) + 1) for
anyu € Fjandanyj € N.

@ Properness: for each j the action of G on Sj‘ is proper.

Set 70 := {u e F : E(u) =0} and ]—‘/9 :={u € Fj : Ej(u) = 0}. Suppose that there
exists 6, C € R (4 is not necessarily positive!) such that

M(u) > 6dy g(u,0) — C
for any u € 0. Then for any &’ < § there exists C’ € R and jo € Z>g such that

M;(u) > 6"y jg(u,0) — C'

forany u € 7 and any j > .
.
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~roor of the general recipe

By normalization, we may assume M;(0) = M(0) = 0. Pick ¢’ < 4.
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~roor of the general recipe

By normalization, we may assume M;(0) = M(0) = 0. Pick 6’ < ¢. By contradiction,
passing to subsequence if needed, we can find u; € }'jo and C; — +oo such that

M;(uy) < &'dh j a(u;,0) — C;.
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~roor of the general recipe

By normalization, we may assume M;(0) = M(0) = 0. Pick 6’ < ¢. By contradiction,
passing to subsequence if needed, we can find u; € }'jo and C; — +oo such that

M;(uy) < &'dh j a(u;,0) — C;.

As G acts properly on 81.1 , there exists g; such that dj ; g(u;,0) = d ,,(u/.gf,O).
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~roor of the general recipe

By normalization, we may assume M;(0) = M(0) = 0. Pick 6’ < ¢. By contradiction,
passing to subsequence if needed, we can find u; € }'jo and C; — +oo such that

Mj(y)) < &'dh j,a(y;,0) — .
As G acts properly on 81.1 , there exists g; such that dj ; g(u;,0) = d ,,(u/.gf,O).

By G-invariance of M; and ]—‘19 we can replace u; by uf’l , getting that
M/-(uj) < 6,d1 J(Uj, 0) — Cj.
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~roor of the general recipe
By normalization, we may assume M;(0) = M(0) = 0. Pick 6’ < ¢. By contradiction,
passing to subsequence if needed, we can find u; € }'jo and C; — +oo such that

M;(uy) < &'dh j a(u;,0) — C;.

As G acts properly on 81.1 , there exists g; such that dj ; g(u;,0) = d ,,(u/.gf,O).

By G-invariance of M; and ]—‘19 we can replace u; by uf’l , getting that
M/-(uj) < 6,d1 J(Uj, 0) — Cj.
Then the entropy growth gives that T; := dy ;(u;, 0) — +oo.
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~roor of the general recipe
By normalization, we may assume M;(0) = M(0) = 0. Pick 6’ < ¢. By contradiction,
passing to subsequence if needed, we can find u; € }'jo and C; — +oo such that

M;(uy) < &'dh j a(u;,0) — C;.

As G acts properly on 81.1 , there exists g; such that dj ; g(u;,0) = d ,,(u/.gf,O).
By G-invariance of M; and ]—‘19 we can replace u; by uf’l , getting that

M/-(uj) < 6,d1 J(Uj, 0) — Cj.

Then the entropy growth gives that T; := dy ;(u;, 0) — +oo.

Let (Uj,t)te[o,T,-] C ]-‘jO be the unit-speed geodesic joining 0 and v;.
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~roor of the general recipe
By normalization, we may assume M;(0) = M(0) = 0. Pick 6’ < ¢. By contradiction,
passing to subsequence if needed, we can find u; € }'jo and C; — +oo such that

M;(uy) < &'dh j a(u;,0) — C;.

As G acts properly on 81.1 , there exists g; such that dj J{G(u,‘, 0)=d ,,(u/.gf,O).

By G-invariance of M; and ]—‘19 we can replace u; by uf’l , getting that

M/-(uj) < 6,d1 J(Uj, 0) — Cj.

Then the entropy growth gives that T; := dy ;(u;, 0) — +oo.

Let (Uj,t)te[o,T,-] C ]-‘jO be the unit-speed geodesic joining 0 and v;. Since t — M;(u; ¢)
is convex and vanishes at t = 0,

t
Mi(uj,t) < 7j/\/’/'(uj) <t
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~roor of the general recipe
By normalization, we may assume M;(0) = M(0) = 0. Pick 6’ < ¢. By contradiction,
passing to subsequence if needed, we can find u; € }'jo and C; — +oo such that

M;(uy) < &'dh j a(u;,0) — C;.

As G acts properly on 81.1 , there exists g; such that dj ; g(u;,0) = d ,,(u/.gf,O).

By G-invariance of M; and ]—‘19 we can replace u; by uf’l , getting that

M/-(uj) < 6,d1 J(Uj, 0) — Cj.

Then the entropy growth gives that T; := dy ;(u;, 0) — +oo.

Let (Uj,t)te[o,T,-] C ]-‘jO be the unit-speed geodesic joining 0 and v;. Since t — M;(u; ¢)
is convex and vanishes at t = 0,

t
Mi(uj,t) < 7j/\/’/'(uj) <t

Since dy j(u;t,0) = t, we obtain |supy u; ¢ < G
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~roor of the general recipe
By normalization, we may assume M;(0) = M(0) = 0. Pick 6’ < ¢. By contradiction,
passing to subsequence if needed, we can find u; € }'jo and C; — +oo such that

M;(uy) < &'dh j a(u;,0) — C;.

As G acts properly on 81.1 , there exists g; such that dj J{G(u,‘, 0)=d ,,(u/.gf,O).

By G-invariance of M; and ]—‘19 we can replace u; by uf’l , getting that

M/-(uj) < 6,d1 J(Uj, 0) — Cj.

Then the entropy growth gives that T; := dy ;(u;, 0) — +oo.

Let (Uj,t)te[o,T,-] C ]-‘jO be the unit-speed geodesic joining 0 and v;. Since t — M;(u; ¢)
is convex and vanishes at t = 0,

t
Mi(uj,t) < 7j/\/’/'(uj) <t

Since dy j(u;t,0) = t, we obtain |supy u; (| < C; and again the entropy growth gives
sup; Hj(u;,1) < +oo for any t fixed.
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~roor of the general recipe

By normalization, we may assume M;(0) = M(0) = 0. Pick 6’ < ¢. By contradiction,
passing to subsequence if needed, we can find u; € }'jo and C; — +oo such that

M;(uy) < &'dh j a(u;,0) — C;.

As G acts properly on 81.1 , there exists g; such that dj ; g(u;,0) = d ,j(ujg’, 0).

By G-invariance of M; and ]—‘19 we can replace u; by uf’l , getting that

M/-(uj) < 6,d1 J(Uj, 0) — Cj.

Then the entropy growth gives that T; := dy ;(u;, 0) — +oo.

Let (Uj,t)te[o,T,-] C ]-‘jO be the unit-speed geodesic joining 0 and v;. Since t — M;(u; ¢)
is convex and vanishes at t = 0,

t
Mi(uje) < 7j/\/’,'(u/) <t
Since dy j(u;t,0) = t, we obtain |supy u; (| < C; and again the entropy growth gives
sup; Hj(u;,1) < +oo for any t fixed.

The compactness proved before that leads to u; ; — v; € &1 strongly (up to passing to
a subsequence).
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~roor of the general recipe

By normalization, we may assume M;(0) = M(0) = 0. Pick 6’ < ¢. By contradiction,
passing to subsequence if needed, we can find u; € }'jo and C; — +oo such that

M;(uy) < &'dh j a(u;,0) — C;.

As G acts properly on 81.1 , there exists g; such that dj ; g(u;,0) = d ,j(ujg’, 0).

By G-invariance of M; and ]—‘19 we can replace u; by uf’l , getting that

M/-(uj) < 6,d1 J(Uj, 0) — Cj.

Then the entropy growth gives that T; := dy ;(u;, 0) — +oo.

Let (Uj,t)te[o,T,-] C ]-‘jO be the unit-speed geodesic joining 0 and v;. Since t — M;(u; ¢)
is convex and vanishes at t = 0,

t
Mi(uje) < 7j/\/’,'(u/) <t
Since dy j(u;t,0) = t, we obtain |supy u; (| < C; and again the entropy growth gives
sup; Hj(u;,1) < +oo for any t fixed.

The compactness proved before that leads to u; ; — v; € &1 strongly (up to passing to
a subsequence). By lower semicontinuity we know that v; € F0 and M(v;) < t&'.
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~roor of the general recipe

By normalization, we may assume M;(0) = M(0) = 0. Pick 6’ < ¢. By contradiction,
passing to subsequence if needed, we can find u; € }'jo and C; — +oo such that

M;(uy) < &'dh j a(u;,0) — C;.

As G acts properly on 81.1 , there exists g; such that dj ; g(u;,0) = d ,j(ujg’, 0).

By G-invariance of M; and ]—‘19 we can replace u; by uf’l , getting that

M/-(uj) < 6,d1 J(Uj, 0) — Cj.

Then the entropy growth gives that T; := dy ;(u;, 0) — +oo.

Let (Uj,t)te[o,T,-] C ]-‘jO be the unit-speed geodesic joining 0 and v;. Since t — M;(u; ¢)
is convex and vanishes at t = 0,

t
Mi(uj,t) < 7j/\/’/'(uj) <t

Since dy j(u;t,0) = t, we obtain |supy u; (| < C; and again the entropy growth gives
sup; Hj(u;,1) < +oo for any t fixed.

The compactness proved before that leads to u; ; — v; € &1 strongly (up to passing to
a subsequence). By lower semicontinuity we know that v; € F0 and M(v;) < t&'.

One can then prove that d; g(v;,0) = d;(vt,0) (not hard),
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~roor of the general recipe

By normalization, we may assume M;(0) = M(0) = 0. Pick 6’ < ¢. By contradiction,
passing to subsequence if needed, we can find u; € }'jo and C; — +oo such that

M;(uy) < &'dh j a(u;,0) — C;.

As G acts properly on 81.1 , there exists g; such that dj ; g(u;,0) = d ,j(ujg’, 0).

By G-invariance of M; and ]—‘19 we can replace u; by uf’l , getting that

M/-(uj) < 6,d1 J(Uj, 0) — Cj.

Then the entropy growth gives that T; := dy ;(u;, 0) — +oo.

Let (Uj,t)te[o,T,-] C ]-‘jO be the unit-speed geodesic joining 0 and v;. Since t — M;(u; ¢)
is convex and vanishes at t = 0,

t
Mi(uj,t) < 7j/\/’/'(uj) <t

Since dy j(u;t,0) = t, we obtain |supy u; (| < C; and again the entropy growth gives
sup; Hj(u;,1) < +oo for any t fixed.

The compactness proved before that leads to u; ; — v; € &1 strongly (up to passing to
a subsequence). By lower semicontinuity we know that v; € F0 and M(v;) < t&'.

One can then prove that d; g(v;,0) = di (v, 0) (not hard), and hence

5 > M(vi) > 504, 6(v,0) — C = 504(1;,0) — C = 6t — C,

which leads to a contradiction when t > C/(6 — ¢').
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Thank you for your attention!
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